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I n 1 9 0 6 A. E i n s t e i n ["l"] gave a m a t h e m a t i c a l model 
f o r t h e p r o c e s s o f Brownian movement. The m a t h e m a t i c a l 
a s p e c t s o f t h i s model were d e v e l o p e d f u r t h e r by M. von 
Smoluchowski [ 2 ] i n 1 9 1 8 . To i n d i c a t e t h e n a t u r e o f t h e 
E i n s t e i n - S m o l u c h o w s k i m o d e l , we s h a l l c o n f i n e a t t e n t i o n 
t o t h e c a s e o f a o n e - d i m e n s i o n a l Brownian movement. 
Suppose t h a t x ( t ) d e n o t e s t h e c o o r d i n a t e o f a p a r t i c l e 
a t t i m e t 5 s 0 , and suppose t h a t x ( 0 ) = 0 . C o n s i d e r a f i n i t e 
s e q u e n c e ° f t v a l u e s , w i t h 0 = t ^ ^ t-j^ 4 C • • • C t n > 
a n d , c o r r e s p o n d i n g t o t^. an i n t e r v a l ( a ^ i k ^ . ) , ^ ~ l » - « « n » 
To t h e e v e n t 
( 1 ) a ^ x C t ^ ^ p a 2 < x ( t 2 ) < h 2 , a n < x ( t n ) < b n 
i s a s s i g n e d p r o b a b i l i t y measure 
rt 2 1 
( 2 ) 
where tQ = JQ = 0 . I t w i l l he r e c o g n i z e d t h a t what i s 
i n v o l v e d h e r e i s a p r o c e s s i n which the s u c c e s s i v e i n c r e -
2 
m e n t s x ( t - ^ ) - x ( 0 ) , x ( t 2 ) - x ( t - ^ ) , . .., x ^ t n ) ~ x ^ t n _ i ) a r e 
i n d e p e n d e n t r a n d o m v a r i a b l e s , e a c h n o r m a l l y d i s t r i b u t e d 
w i t h m e a n 0 and v a r i a n c e d e p e n d e n t on the t i m e - l a g 
i n v o l v e d . In the above f o r m u l a t i o n , u n i t s a r e so c h o s e n 
that the v a r i a n c e of x ( t k ) - x ( t j c _ ] _ ) i-s ^ ^ k ' ^ k - l ^ » 
k = 1, 2 , ..., n. I n d e e d , s u c h p r o c e s s e s h a d b e e n 
d i s c u s s e d as e a r l y as 1 9 0 0 b y L. B a c h e l i e r [ 3 ] , t h o u g h 
not o n a r i g o r o u s b a s i s . 
T h e e v e n t s p e c i f i e d b y ( 1 ) d e l i m i t s a set of 
f u n c t i o n s x i n the s p a c e of r e a l - v a l u e d f u n c t i o n s on 
( P > i l » w i t h x ( 0 ) = 0 . S u c h s e t s , e a c h s p e c i f i e d b y a 
f i n i t e s e q u e n c e ft^} of t v a l u e s w i t h 0 <t-^< t2 < ••• ^ - ^ ^ 
a n d c o r r e s p o n d i n g o n e - d i m e n s i o n a l i n t e r v a l s { C 8 ^ * b-^)} , 
w i l l b e c a l l e d q u a s i - i n t e r v a l s , f o l l o w i n g the t e r m i n o l o g y 
u s e d b y N . W i e n e r [ 4 ] . It is u s u a l , n o w , to r e f e r to ( 2 ) 
as the W i e n e r m e a s u r e of the q u a s i - i n t e r v a l ( 1 ) . W e s h a l l 
d i s c u s s W i e n e r ' s i m p o r t a n t w o r k on W i e n e r m e a s u r e and 
the W i e n e r i n t e g r a l l a t e r . S i n c e m o s t w o r k i n s t o c h a s t i c 
p r o c e s s e s t o d a y is b a s e d o n K o l m o g o r o v ' s a x i o m a t i z a t i o n [5]» 
it w i l l p e r h a p s be of i n t e r e s t to f o r m u l a t e the p r e s e n t 
p r o c e s s i n that s e t t i n g . 
T o r e c a l l the K o i m o g o r o v f o r m u l a t i o n , we n o t e that 
it c o n c e r n s a n a b s t r a c t s p a c e (sample s p a c e ) £t, a 0~-field 
3^of s u b s e t s of ,Q , w h e r e *3* i n c l u d e s the e m p t y set 0 a n d 
the s p a c e . £ " 2 , a n d a set f u n c t i o n p w i t h d o m a i n jF w i t h the 
p r o p e r t i e s 
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( I )
 P ( 0 ) - o , P ( . n ) = 1 
( I I ) A-P A 2 , . . . , A N , . . . £ 3 " , A ± A^ = 0 ( I / J ) 
^ P ( U A . ) = Z p ( A ) . 
0 = 1 J 0 = 1 a 
( I I I ) B C A , ATRJS P ( A ) = 0 =S> B « . J % P ( B ) = 0 . 
RETURNING TO THE BROWNIAN MOVEMENT PROCESS, LET US 
REQUIRE THAT ALL QUASI-INTERVALS BELONG TO THE POSSIBLE 
©"-FIELD 3 * . AFTER VERIFYING CERTAIN CONSISTENCY CONDI­
TIONS, WHICH FOLLOW FROM THE IDENTITY 
_ ( Y - X ) 2 oo _ ( Z - X ) 2 _ ( Y - Z ) 2 
( 3 ) = * 6 DZ 
{Wt V * F s VTT(T-S) 
VALID FOR ANY S SUCH THAT 0 < S < T, AN IMPORTANT GENERAL 
THEOREM DUE TO KOLMOGOROV MAY BE APPLIED TO SHOW THE 
EXISTENCE OF A <R -FIELD AND PROBABILITY MEASURE P , 
ON THE SPACE S t OF REAL-VALUED FUNCTIONS X (WITH X ( 0 ) = 0 ) , 
SATISFYING THE KOLMOGOROV AXIOMS. THE FIELD CONTAINS 
ALL QUASI-INTERVALS, AND FOR ANY QUASI-INTERVAL ( 1 ) P 
PRESCRIBES THE MEASURE ( 2 ) . HOWEVER, J . L . DOOB HAS 
PROVED THAT THE SET OF ALL CONTINUOUS FUNCTIONS BELONGING 
T O - f t , AS WELL AS MANY OTHER KINDS OF SETS, ARE THEN NOT 
MEASURABLE F 6 ] . DOOB SHOWED THAT IF ONE RESTRICTS THE 
SPACE JCI TO THAT CONSISTING OF CONTINUOUS FUNCTIONS X 
(VANISHING, AS USUAL, AT 0 ) WHILE RETAINING THE WIENER 
MEASURE ( 2 ) FOR QUASI-INTERVALS ( 1 ) , THEN THERE I S A 
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MEASURE P AND <R-F IEID 3* OF JOL SUBSETS (CONTAINING ALL 
QUASI-INTERVALS) SUCH THAT THE EOLMOGOROV AXIOMS APPLY 
AND P YIELDS MEASURE ( 2 ) FOR THE QUASI-INTERVAL ( 1 ) AND 
THE CORRESPONDING MEASURE FOR ANY OTHER QUASI-INTERVAL. 
IN THE LANGUAGE OF MEASURE THEORY, P MEASURE I S EXTENDED 
FROM THE CLASS OF QUASI-INTERVALS TO THE ^"-FIELD GENERAT­
ED BY THE QUASI-INTERVALS. THE MEASURE P CAN BE COMPLETED, 
AS USUAL, BY ADJOINING TO 3* , ALL SUBSETS OF MEASURABLE 
SETS OF P-MEASURE ZERO. FOR MOST PURPOSES, SI IS DEFINED 
TO BE THE SET OF CONTINUOUS FUNCTIONS X, WITH X ( 0 ) = 0 . 
IN THE YEARS FROM 1 9 2 3 - 1 9 3 0 , N. WIENER INTRODUCED 
WIENER MEASURE IN A LESS ABSTRACT MANNER AND PUBLISHED 
SEVERAL VERSIONS OF THE CONSTRUCTION USED, AS WELL AS 
NUMEROUS FUNDAMENTAL APPLICATIONS OF THE RESULTING 
WIENER INTEGRAL (WHICH IS SIMPLY AN ABSTRACT LEBESGUE IN­
TEGRAL). ASSUMING THE WIENER MEASURE I S AVAILABLE, 
THERE I S A MEASURE SPACE ( / I . , , 5 , P ) . THE NOTION OF 
MEASURABLE FUNCTION I S NOW AVAILABLE : F I S A REAL-
VALUED MEASURABLE FUNCTION ON X I IN CASE { X : F ( X ) £ B } 
I S AN 3* SET ( I . E . , BELONGS TO THE ^ - F I E L D T ? " ) FOR 
EVERY LINEAR BOREL SET B . SOMETIMES F I S CALLED A 
MEASURABLE FUNCTIONAL TO EMPHASIZE THE FACT THAT THE 
ARGUMENT X I S A FUNCTION. 
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CHAPTER I I 
WIENER INTEGRALS IN A SPACE OF CONTINUOUS FUNCTIONS 
I n t h i s c h a p t e r we w i l l show t h a t i t i s p o s s i b l e 
t o map the s p a c e i t o f a l l c o n t i n u o u s f u n c t i o n s 
v a n i s h i n g a t t h e o r i g i n i n t o a l i n e AB o f u n i t l e n g t h 
i n s u c h a way t h a t measure i s p r e s e r v e d . T h i s w i l l be 
done i n t h r e e p a r t s . F i r s t , we w i l l d e f i n e t h e c o n c e p t 
o f q u a s i - i n t e r v a l s and show how t h e y c a n be mapped i n t o 
t h e l i n e AB. S e c o n d , we w i l l show t h a t t h e f u n c t i o n s 
wh ich f a i l t o obey a c e r t a i n HOlder c o n d i t i o n have 
s m a l l m e a s u r e . I n t h e t h i r d p a r t , we s h a l l show how 
t h i s e q u i - c o n t i n u i t y c o n d i t i o n e n a b l e s us t o d e f i n e t h e 
mapping o f f u n c t i o n s i n SL i n t o p o i n t s i n AB. 
The q u a s i - i n t e r v a l s . — A p a r t i t i o n P o f [ 0 , 1 ] i s a f i n t e 
s e t o f p o i n t s , s a y P = f t ^ , t ^ , • • • ,t^\ , such t h a t 0=t(jCt^< 




r « i < t r = s l # F o r o u r p u r p o s e s , we r e s t r i c t a t t e n t i o n 
t o p a r t i t i o n s P w i t h r = 2 n ( f o r some p o s i t i v e i n t e g e r n ) 
and w i t h t ^ = h 2 " " n , h = 0 , l , . . • , 2 n . Thus t h e p a r t i t i o n p o i n t s 
a r e e q u a l l y s p a c e d on f 0 , l j . A s s o c i a t e d w i t h e a c h num­
b e r t , we c o n s i d e r a s e t o f o n e - d i m e n s i o n a l i n t e r v a l s 
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f a , , 1 , w h e r e a , = t a n ( k , F 2 " n ) a n d b , = t a n ( ( k , + l ) n - 2 ~ n ) , 
k h * h * h n ^ h n 
- 2 - ^ - 2 - 1 . F o r k ^ = - 2 w e c o n s i d e r a n i n t e r v a l > n — 1 z _ i _ y ^ n — 1 T - n , i _ _ ^ n — 1 
l i 
o f t h e f o r m ( - o o , - c o t - ^ " ] , a n d f o r k ^ = 2 ~ - 1 o n e o f t h e 
f o r m f c o t ^ ~ , + o d ) . F o r a n y f i x e d t ^ t h e u n i o n o f t h e 
a b u t t i n g o n e - d i m e n s i o n a l i n t e r v a l s s o c o n s t r u c t e d i s 
c l e a r l y ( - 0 0 , 0 0 ) , t h e ( o n e - d i m e n s i o n a l ) E u c l i d e a n s p a c e . 
C o n s i d e r a s e t £ x ( t ) ^ o f r e a l - v a l u e d f u n c t i o n s d e f i n e d o n 
£ 0 , l j , a n d v a n i s h i n g a t 0 . N o w l e t In(^]_? • • • » ^ n ) 
b e t h e c o l l e c t i o n o f f u n c t i o n s x ( t ) £ X l s u c h t h a t 
a , 4 x ( t ^ > b , f o r h = 1 , 2 , 2 n . T h e n w e c a l l 
* h n * h 
I n ( k - ^ , . . . , k ) a q u a s i - i n t e r v a l , a n d w e c a l l t h e c o r r e ­
s p o n d i n g i n t e r v a l s f a , , b , J h = l , . . . , 2 n t h e c o m p o n e n t s 
* h * h 
o f I ( k 1 , . . . f k n ) . L e t J t n b e t h e s e t o f t h e ( 2 n r 
q u a s i - i n t e r v a l s w i t h 2 n c o m p o n e n t s . 
T w o q u a s i - i n t e r v a l s b e l o n g i n g t o « J ? n a r e s a i d t o 
^
e
 d i s j o i n t i n c a s e o n e o f t h e i r c o m p o n e n t i n t e r v a l s i s 
1 
d i f f e r e n t , t h a t i s k ^ / k ^ f o r s o m e h . 
E a c h o f t h e q u a s i - i n t e r v a l s i n v j ? n c a n b e d e c o m ­
p o s e d i n t o a f i n i t e n u m b e r o f d i s j o i n t q u a s i - i n t e r v a l s 
o f < $ n + ^ » I i i f a c t a q u a s i - i n t e r v a l i n c 9 n c a n b e d e c o m ­
p o s e d i n t o 2 n « 2 n + 1 + 2 n * 2 = 2 n + 1 ( 2 n + l ) q u a s i - i n t e r v a l s s i n c e 
w e i n t r o d u c e 2 n n e w t - p o i n t s e a c h w i t h i t s a s s o c i a t e d 
2 n + ^ * o n e - d i m e n s i o n a l i n t e r v a l s a n d w e h a v e t w o p o s s i b l e 
o n e - d i m e n s i o n a l i n t e r v a l s a t t h e 2 n t - p o i n t s a s s o c i a t e d 
w i t h I . n 
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N o w l e t u s a s s u m e t h a t t h e f u n c t i o n s ( x C t ) } " t h a t 
w e s h a l l c o n s i d e r a r e c o n t i n u o u s i n C O , l ] . L e t u s n o t e 
t h i s s e t b y S I • U s i n g t h e E i n s t e i n - S m o l u c h o w s k i m o d e l 
f o r B r o w n i a n m o t i o n d i s c u s s e d i n C h a p t e r I , w e d e f i n e t h e 
m e a s u r e m ( I n ( k - ^ , • . • , k n ) ) o f t h e q u a s i - i n t e r v a l I n ( k ^ , . . • , k n ) 
a s f o l l o w s : 
( y j - y i - l ) 2 
f k - , ] ? k ~ r k _ n " t . - t . - i n 
1 2
. . .
 2 n T T e . T K -
1 2 2 n 
W e n o t i c e t h a t , i f a f i x e d q u a s i - i n t e r v a l I ( k - , , . . . , k ) 1
 n v 1 * '
 0 n ' 
i s d e c o m p o s e d i 
i n t h e n n + l * 
2 J n +• 1 n i s d e c o m p o s e d i n t o i t s 2 ( 2 + 1 ) d i s j o i n t q u a s i - i n t e r v a l s 
2 n + 1 ( 2 n + l ) 
2 
T h i s f o l l o w s f r o m t h e d e f i n i t i o n o f t h e m e a s u r e o f 
q u a s i - i n t e r v a l s a n d t h e p r o p e r t y o f d i s . j o i n t n e s s o f t h e 
q u a s i - i n t e r v a l s i n ^ n + ^ « 
2 
N o v / w e c o n s i d e r a m a p p i n g w h i c h t a k e s t h e 2 
q u a s i - i n t e r v a l s i n i n t o 2 2 d i s j o i n t i n t e r v a l s o n 
a u n i t s e g m e n t o f a s t r a i g h t l i n e A B i n s u c h a w a y t h a t 
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t h e l e n g t h o f t h e i n t e r v a l o n w h i c h a q u a s i - i n t e r v a l 
i s m a p p e d i s e q u a l t o t h e m e a s u r e o f t h a t q u a s i - i n t e r ­
v a l . I n g e n e r a l , t h e m a p p i n g t a k e s e a c h q u a s i - i n t e r v a l 
I n + ^ ( k - ^ , . . . , k n + 3 _ ) i n t o a n i n t e r v a l o n A B o f e q u a l 
m e a s u r e i n s u c h a w a y t h a t i f I ^ ^ C k ^ , . . . , k
 n + ^ ) i s c o n ­
t a i n e d i n I ( 1 - , , . . . , 1 ) t h e n t h e i r i m a g e s s t a n d i n t h e 
n x 2 
s a m e r e l a t i o n . I t i s c l e a r t h a t t h i s i s p o s s i b l e f o r a l l n . 
W e h a v e t h u s d e f i n e d a m a p p i n g o f a l l o f t h e q u a s i - i n t e r ­
v a l s i n t o i n t e r v a l s o f A B . 
T h e H S l d e r c o n d i t i o n . — W e s h a l l n o w d e f i n e a m a p p i n g o f 
t h e s e t o f f u n c t i o n s [ x ( t ) " ) - o n t o t h e l i n e A B . I n o r d e r t o 
d e f i n e t h i s m a p p i n g i t w i l l b e s h o w n t h a t t h e s e t o f f u n c ­
t i o n s w h i c h f a i l t o o b e y a c e r t a i n H f i l d e r c o n d i t i o n c a n 
b e e n c l o s e d i n a d e n u m e r a b l e s e t o f q u a s i - i n t e r v a l s o f 
s m a l l t o t a l m e a s u r e . 
L e t b e t h e s e t o f a l l f u n c t i o n s i n X I w h i c h f o r f i x ­
e d h s a t i s f y t h e i n e q u a l i t y 
ft 
O O | x ( t 1 ) - x ( t 2 ) | > 2 0 h [ t 1 - t 2 | 
f o r s o m e t - ^ a n d t 2 i n [ 0 , 1 ] . W e w i l l s h o w t h a t t h i s s e t i 
c a n b e e n c l o s e d i n a d e n u m e r a b l e u n i o n o f q u a s i -
i n t e r v a l s s u c h t h a t , f o r a n y p o s i t i v e i n t e g e r m , m ( C ^ ) = 
o ( h " " m ) a s h - » « > . 
T o d o t h i s , w e s h a l l f i r s t s h o w t h a t a n y f u n c t i o n 
s a t i s f y i n g ( 4 - ) f o r s o m e t - ^ a n d t 2 a l s o s a t i s f i e s t h e 
i n e q u a l i t y . 
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( 5 ) | x ( m T ) - x ( ^ i ) / > h 2 - i / 4 
2 2 1 
f o r some i and some m ^ 2 1 - l . 
C o n s i d e r t h e b i n a r y r e p r e s e n t a t i o n s o f t h e numbers 
t ^ and t^1 
t-^ » O . a - j ^ . . . a . = 0 o r 1 
t>2 = O . b ^ b g . . . b i = 0 or 1 . 
S u p p o s e , f o r d e f i n i t e n e s s , t h a t t ^ ^ t g * l e t h be t h e f i r s t 
p o s i t i o n a t which t h e b i n a r y r e p r e s e n t a t i o n s o f t-^ and 
d i f f e r , i . e . , a ^ = 0 and b ^ = l . Then l e t 
t 1 0 = * 2 0 = 0 # a l ' # • a n « i 1 0 0 0 - • • • 
L e t j be t he number o f p o s i t i o n s i n wh ich t^Q i n t h e 
above t e r m i n a t i n g form a g r e e s w i t h t ^ and w i t h t ^ i n a 
form t e r m i n a t i n g i n o n e s . C l e a r l y , t h e , a n ( l 
l ^ 2 ~ t l ' > 2""*'""**Now we c o n s t r u c t t h e number t - ^ by 
c o n s i d e r i n g 
t^Q — O.a^ag* • • - ^ 0 1 1 1 1 • • • 
and l e t t i n g t - ^ a g r e e w i t h t ^ and t^Q up t o t h e p o s i t i o n 
a t wh ich t h e y f i r s t d i s a g r e e and p u t t i n g a one i n t h i s 
p o s i t i o n f o l l o w e d by z e r o s . I n g e n e r a l , we c o n s t r u c t 
^ 1 ( 1 + 1 ) t o a £ r e e w l t h ^2.1 a 2 3 ^ fcl a s a s P 0 S S i D ^ e 
( c o n s i d e r i n g a s t e r m i n a t i n g i n ones t o make t h e 
a g r e e m e n t a s f a r a s p o s s i b l e ) and put a one i n t h e 
f i r s t p o s i t i o n o f d i s a g r e e m e n t . We c o n s t r u c t " ^ ( i + l ) 
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between t 2 and t2^ in the same way. 
For example, let t-^0.0111001000... and 
t2=0.IOOOIOOIOIOTO Then 
t 1 0=o.iooo... 
t1;L=o.01111000... 










Now by the above process we have decomposed the interval 
(t-pt 2) into a denumerable collection of sub-intervals 
— i—k 
with at most two sub-intervals of length 2 0 for any 
positive integer k, and no intervals of length greater 
than 2"^ "*^ ". Each sub-interval is of the form 
m+1 t^J+k ' 2^+k]
 f o r s o m e
 ^
 s o m e m
» 
Since |t-L-t2( =* 2~^""1 we deduce from condition (4) 
that for some t-^  and t 2 
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1-2 we have 
1 1 
co _ j + k 
( 6 ) | x ( t 1 ) - x ( t 2 ) [ > 2 1 i ^ 2 4 
k = l 
Now we n o t e t h a t 
| x ( t 1 ) - x ( t 2 ) | ^ f x ( t l n ) - x ( t 2 n ) / + f x ( t 1 ) - x ( t l n ) | + | x ( t 2 n ) - x ( t 2 ) | 
f o r e v e r y n . Bu t 
n n 
| x ( t l n ) - x ( t 2 n ) | = J | x ( t u ) - X ( t 1 ( i + 1 ) ) | + ^ | x ( t 2 . ) - x ( t 2 ( i + 1 ) ) | , 
i = 0 i = 0 
Then on c o n s i d e r i n g t h e l i m i t a s n—* and t a k i n g i n t o 
a c c o u n t t h e c o n t i n u i t y o f x we n o t e t h a t 
( 7 ) | x ( t 1 ) - x ( t 2 ) | 4 
£ ( / x ( t l i ) - x ( t 1 ( i + 1 ) ) / + / x ( t 2 i ) - x ( t 2 ( i + 1 ) ) | ) . 
i = 0 
R e c a l l i n g our a n a l y s i s o f t he i n t e r v a l ( t - p t 2 ) , and u s i n g 
( 6 ) and ( 7 ) we f i n d t h a t t h e r e must e x i s t p o s i t i v e 
i n t e g e r s m and k such t h a t 
f o r o t h e r w i s e i n e q u a l i t y ( 6 ) would n o t h o l d . Thus we 
1 2 
have 
^ ^ ^ ^ U v , o - i A ( 5 ) l x ( | l ) - x ( ^ l ) | > h 2 ' 
f o r some m and some i . 
Now we c a l c u l a t e t h e measure o f t h e f u n c t i o n s 
s a t i s f y i n g ( 5 ) . L e t C J J J 1 be t h e s e t o f a l l f u n c t i o n s 
x wh ich s a t i s f y ( 5 ) f o r f i x e d m, i , and h . Then t h e 
measure o f t h e s e t Q^1 o f q u a s i - i n t e r v a l s i n which 
c o n t a i n f u n c t i o n s i n C ^ 1 i s 
r ^ I 2 , Q2-RI)2-I 
< 8 > a < > - = i r I / \ e 2 _ i 2 _ i + 
PI . ( y2-YI>2-» 
where a i s t h e l o w e r e n d - p o i n t o f t h e i n t e r v a l a t t = m i i 
- i / 4 2 
w h i c h c o n t a i n s y-^+h2 ' and b i s t h e upper e n d - p o i n t o f 
m+l — i / 4 -t h e i n t e r v a l a t t = —f— which c o n t a i n s y- ,-h2 ' . T h i s 
2 1 1 
f o l l o w s from t h e b a s i c a s s u m p t i o n o f i n d e p e n d e n t i n c r e ­
m e n t s . Hence we have 
1 3 
O O o o _ _ 
-ffpr [ [ [ ^ 1 ^ 2 ) ^ 2 + f ^ C Y I , Y 2 ) D Y 2 + 
Y I - H 2 - / 4 
WHERE 0 ( Y - P Y 2 ) I S THE INTEGRAND OF EQUATION ( 8 ) . 
LETTING Z 2 - Y 2 - Y 1 » Z I = Y L I N T H E F I R S T INTEGRAL AND 
Z - ^ Y - P Z 2 » YI"*Y 2 I N T N E SECOND, WE OBTAIN 
2 2 
Z-. ZP 




2 R . 2 1 
— \ E DZO+I.,+1,. • 
>LTT2-I N 2 " I / 4 
Z 2 
ON LETTING j» WE OBTAIN 
00 
.2 S C Q ^ 1 ) " - ^ ! F E"Y" D Y + I $ + I 4 . 
J 2 I / 4 
HOW BY CHOOSING N LARGE ENOUGH WE CAN MAKE 
I^+I^< -S J^- FOR ANY GIVEN £ > 0 . THUS THE TOTAL MEASURE OF 
14 
t h i s s e t Q^1 o f q u a s i - i n t e r v a l s i n V9N i s , f o r l a r g e 




Now summing o v e r a l l m from 0 t o 2 1 - ! , we f i n d 
% — x . ~ i + l r 2 
0 ^ J 2 I / 4 2 
and summing o v e r a l l i ^ l we f i n d 
o o 
.2 
^ 2 i + l r - z 
a n d , f o r h > 1 , 
, 1 + 1 
- z 
1 / 4 
•A
 2 I + I _ H 2 IA 
e 
Now s i n c e , f o r any m, h c a n he c h o s e n s u f f i c i e n t l y 
l a r g e t h a t 
e " l l 2 i A < l i - 4 m 2 - , n i , 
1 5 
i t f o l l o w s t h a t t h e t o t a l m e a s u r e o f t h e s e t o f 
q u a s i - i n t e r v a l s s a t i s f i e s t h e i n e q u a l i t y 
- 4 m ^ 2 - ( m - 1 > i + 1 m ( C h ) < 6 + 2 - — , 
f o r n > H m . H e n c e m C C ^ ) i s c l e a r l y o ( h ~ m ) a s h - > o o 
f o r a n y f i x e d p o s i t i v e i n t e g e r m . 
A l l f u n c t i o n s n o t i n s a t i s f y t h e H o l d e r 
c o n d i t i o n 
( 9 ) | x ( t 1 ) - x ( t 2 ) / ^ 2 0 h | t r t 2 r / 4 
f o r a l l t - ^ a n d t 2 i n [ 0 , 1 ) . 
T h e m a p p i n g o f f u n c t i o n s t o p o i n t s . — W i t h e a c h p o i n t 
o n A B , e x c e p t f o r t h e e n d - p o i n t s o f t h e i m a g e i n t e r v a l s , 
i s a s s o c i a t e d , b y t h e C a n t o r T h e o r e m o n N e s t e d S e t s , 
a u n i q u e s e q u e n c e o f d e c r e a s i n g i m a g e i n t e r v a l s . T h e 
e n d - p o i n t s , h o w e v e r , h a v e z e r o m e a s u r e . T h i s s e q u e n c e , 
i n t u r n , c o r r e s p o n d s t o a m o n o t o n i c s e q u e n c e o f q u a s i -
i n t e r v a l s : 
d o ) ixz> i . p . . . z > i n r ? i a + a 7 . . . . 
* 
C a n t o r ' s T h e o r e m . I n a c o m p l e t e m e t r i c s p a c e , 
e v e r y d e c r e a s i n g s e q u e n c e o f c l o s e d n o n e m p t y s e t s S n s u c h 
t h a t t h e s e q u e n c e o f t h e i r d i a m e t e r s d ( S n ) h a s l i m i t z e r o 
a s n - ^ o o h a s a n o n e m p t y i n t e r s e c t i o n c o n s i s t i n g o f e x a c t l y 
o n e p o i n t . 
1 6 
EITHER I N , FOR LARGE ENOUGH N, I S CONTAINED IN C^, 
OR ELSE, FOR ALL N, EACH QUASI-INTERVAL I CONTAINS FUNCTIONS 
WHICH SATISFY ( 9 ) FOR EVERY T^ AND T^ THAT ARE 
TERMINATING; BINARIES. IN THE LATTER CASE, THE LENGTHS 
B^. - A .^ — 0 AT EVERY TERMINATING BINARY T^. IF A k, 
OR B, —> a*, THE SEQUENCE WOULD BE ONE FOR WHICH I I S & H N 
CONTAINED IN FOR LARGE ENOUGH N. AGAIN USING THE 
NESTED INTERVAL THEOREM, THE SEQUENCE ( 1 0 ) SELECTS EXACTLY 
ONE POINT AT EACH TERMINATING BINARY T^ AND WE SHALL CALL 
THIS NUMBER X ( T ^ ) . THE FUNCTION X SO DEFINED SATISFIES 
CONDITION ( 9 ) ON THE TERMINATING BINARIES. NOW THE 
CONTINUOUS EXTENSION OF X TO THE CLOSURE OF THE SET OF 
TERMINATING BINARIES WILL SATISFY THE HOLDER CONDITION 
( 9 ) , AND I S UNIQUE F77• SINCE THE CLOSURE OF THE 
TERMINATING BINARIES ON [0,L7 I S F O , L ] , WE HAVE A MAPPING 
OF POINTS ON AB TO A SET OF FUNCTIONS DEFINED ON [ 0 , L J . 
THUS WE HAVE A MAPPING OF POINTS ON THE LINE AB 
INTO FUNCTIONS IN S}.. THIS MAPPING I S NOT DEFINED ON THE 
END-POINTS OF THE INTERVALS IN AB, NOR I S IT DEFINED ON 
THE SET OF POINTS WHICH CORRESPOND TO THE QUASI-INTERVALS 
IN C^. THE SET OF END-POINTS HAS LEBESGUE MEASURE ZERO. 
THE SET CORRESPONDING TO C-^  HAS MEASURE O(H"~M). THE 
OTHER POINTS ON AB MAP INTO A SET OF EQUI-CONTINUOUS 
FUNCTIONS IN X I . 
NOW IT I S CLEAR THAT TO ANY FUNCTION SATISFYING ( 9 ) 
FOR ALL T-^  AND T 2 IN [ 0 , 1 ] , THERE CORRESPONDS A DECREASING 
1 7 
s e q u e n c e o f q u a s i - i n t e r v a l s w h i c h d e t e r m i n e s e x a c t l y o n e 
p o i n t o n A B o r a c o u n t a b l e s e t o f e n d - p o i n t s . B u t t h i s 
l a t t e r s e t c l e a r l y h a s m e a s u r e z e r o . 
H e n c e , f o r a n y f i x e d i n t e g e r m , e x c e p t f o r a s e t 
o f f u n c t i o n s o f m e a s u r e o(h~m) w e h a v e a o n e - t o - o n e 
m a p p i n g o f t h e s p a c e ( o f c o n t i n u o u s f u n c t i o n s v a n i s h i n g 
a t t h e o r i g i n ) o n t o t h e r e a l l i n e i n t e r v a l A B . B u t s i n c e 
t h i s i s t r u e f o r a r b i t r a r y h > H m , w e c o n s i d e r a s e q u e n c e 
h . o o a n d n o t e t h a t t h e c o r r e s p o n d i n g m a p p i n g s e x t e n d 
t o m o r e f u n c t i o n s a n d p o i n t s . H e n c e i n t h e l i m i t t h e 
m a p p i n g i s o n e - t o - o n e e x c e p t o n a s e t o f m e a s u r e z e r o . 
T h i s t h e n e n a b l e s u s t o d e f i n e t h e W i e n e r i n t e g r a l 
o f a f u n c t i o n a l 0 ( x ( . ) ) » T h i s f u n c t i o n a l , t h r o u g h t h e 
m a p p i n g , d e t e r m i n e s a f u n c t i o n o n t h e l i n e A B . A 
f u n c t i o n a l i s W i e n e r m e a s u r a b l e i f i t s c o r r e s p o n d i n g 
f u n c t i o n i s L e b e s g u e m e a s u r a b l e . I f 0 i s W i e n e r 
m e a s u r a b l e o n X I w e w r i t e 
a s t h e W i e n e r i n t e g r a l o r e x p e c t e d v a l u e o f 0 o v e r t h e 
s p a c e X L o f a l l c o n t i n u o u s f u n c t i o n s o n [ 0 , l ] v a n i s h i n g 
a t t h e o r i g i n . 
1 8 
F i g . 1 
S a m p l e Q u a s i - i n t e r v a l s 
1 9 
C H A P T E R III 
E X A M P L E S O F W I E N E R I N T E G R A L S 
E x p e c t e d v a l u e o f a p r o d u c t x ( t - ^ ) * x ( t 2 ) « — S u p p o s e w e w i s h 
t o f i n d t h e a v e r a g e o r e x p e c t e d v a l u e o f t h e p r o d u c t 
x ( t - ^ ) # x ( t 2 ) f o r t - ^ < t 2 o v e r t h e w h o l e s p a c e - O . o f 
c o n t i n u o u s f u n c t i o n s . F r o m t h e d e f i n i t i o n o f t h e m e a s u r e 
o n t h e s p a c e , w e h a v e 
y l 2 ^ 2 - ^ 1 > 2 
OO CO +- +- _+• 
r r r e 1 2 1 
X ( T 1 ) x ( T 2 ) d w x = y - y 2 — d y 2 d y i . 
J
- a J J T1CT2-T1; 
L e t t i n g y ^ z ± a n d y 2 = > ^ T z l + ^ 2 " " ^ 1 z 2 ' w e 0 D t a i n 
y x ( t 1 ) x ( t 2 ) d w x = i - J J ( t 1 z 1 2 + ^ 1 ( t 2 - t l ; ) « 
2 2 
" "
z l ~ z 2 
e d z 2 d z - ^ 2 r ° ° 2 
i r 2 ~ i i 
= — t n z , e e d z ~ d z n + TT J 1 1 J 2 1 
- ° ° - o o 
oo 2 0 0 2 
— z 
e 2 d Z 2 d z - p 
- o o 
r ° - 2 
S i n c e f x e ~ " x d x = 0, t h e s e c o n d t e r m i s c l e a r l y z e r o . 
- o o 
2 0 
EXPECTED VALUE OF FX(T )7 N*—NOW CONSIDER THE EXPECTED 
VALUE OF [ X ( T ) ] N . 
CLEARLY, FOR N ODD WE OBTAIN ZERO. FOR N EVEN WE 
INTEGRATE BY PARTS TO OBTAIN 
REPEATING THE PROCESS WE OBTAIN 
21 




E x p e c t e d v a l u e o f c o s f x ( t )3 »—Now c o n s i d e r the e x p e c t e d 
v a l u e o f c o s f x ( t ) 7 , 
f cos [x ( t )7D x = f l im jh(-1)*tAt%2n d x . 
S i n c e the sums a r e bounded f o r k l a r g e enough, we use 
L e b e s g u e ' s dominated c o n v e r g e n c e theorem t o o b t a i n 
and by (12) we have 
i oo n n 
I c o s [ x ( t ) ] d w x = 2 I HP ' 
1A. w n=0 2^nn! 
But t h i s sum i s s imply the MacLaur in e x p a n s i o n f o r e 
22 
Therefore 
(13) rCosrx(t)]dwx=e^ t 
1 
Expected value of CX(t)dt.—Now consider finding the 0 1 expected value of the functional £x(t)dt. The functional 0 
F(x(0»t) = x(t) is defined on the spaceJQx [0,17 . F is 
integrable on the product space since 
f {X(t)dtdwX= Turn £ 4 ) S V 
A. 6 K = 1 
Note that the partial sums are hounded by M = max x(t) 
X
 t£fo,i] 
which is integrable injQ. The Lebesgue dominated 
convergence theorem then guarantees existence of the 
finite integral. Therefore Fubini's theorem applies 
and we can interchange order of integration and 
obtain 
1 1 J JX(t)dtdwx= ^ FX(t)dwxdt = 0 
SI O ON 
The inner integral is zero. 
1
 2 




If we write the integrand as 
1 1 11 Jx(t1)dt1 • £x(t2)dt2= £ ^ x(t1)x(t2)dt1dt2. 
0 0 0 0 
This may be written as 1*2 1 *1 £ £ x(t1)x(t2)dt1dt2 + f £ x(t1)x(t2)dt 0 0 0 0 2d tl 
1 T 2 
= 2^  £ x(t1)x(t2)dt1dt2. 
0 0 
Using Fubini's theorem as before we write 
1 1 t2 j [Cx(t)dt32dwx= 2^  £ fx(t1)x(t2)dwxdt1dt2. 
And since in the region of integration T-^£ t2, we 
have by (11) 
1 1 T 2
 T 
r [ ^ x(t)dtj2dwx=2J" j ^ dt^ tg /no oo 
dt2 0 
2 4 
T h u s 
( 1 4 ) C J x ( t ) d t J 2 . 
' J O . 0 
t 
E x p e c t e d value of e 
- j v ( x ( s ) ) d s 
0 
N o w let u s c o n s i d e r a 
m o r e d i f f i c u l t p r o b l e m . C o n s i d e r the p r o b l e m of e v a l u a t i n g 
t 
w h e r e 0 6 1 a n d V ( x ) is c o n t i n u o u s . T h i s p r o b l e m is 
c o n s i d e r e d b y M . Kac i n f 8 ] . W e w i l l s h o w h o w t h i s 
p r o b l e m is r e l a t e d to c e r t a i n p r o b l e m s i n t h e o r e t i c a l 
p h y s i c s . I n p a r t i c u l a r , w e w i l l s h o w that the above 
i n t e g r a l c a n be e v a l u a t e d b y s o l v i n g a d i f f e r e n t i a l e q u a 
t i o n of the Schrttdinger t y p e , w e w i l l a l s o e v a l u a t e 
p 
t h e i n t e g r a l f o r V ( x ) = x . A s s u m e f u r t h e r that 
V ( x ( s ) ) d s 
( 1 5 ) 0 6 V ( x ) < M 





k = 0 0 
2 5 
S i n c e 
t 
0 ^ ^ V ( x ( s ) ) d s < 
0 
^V(x(s) di 
w e c a n , a s i n o b t a i n i n g f o r m u l a ( 1 $ ) , w r i t e 
- J V ( x ( s ) ) d s 
( 1 6 ) f e ° d w x = ^ ^ ^ ( " [ ( V ( x ( s ) ) d s ] k d w x . 
XL k = 0 ' XI 0 
T h e p r o b l e m t h e n b e c o m e s to c a l c u l a t e 
t 
u k = f £ ^ V ( x ( s ) ) d s j k c ^ x . 
XI 0 
F o r k = l , since V ( x ) < M , we h a v e b y F u b i n i ' s t h e o r e m 
J ~ ^ V ( x ( s ) ) d s d w x = J F V ( x ( s ) ) d w x d s 
.A 0 0 XL 
Y 2 
t oo "* S 
= \ ( V ( Y ) 6 d y d s . 
F o r k = 2 w e h a v e , as i n o b t a i n i n g ( 1 4 ) , 
("rJv(X(S))ds72 d w x = 
rn. o 
t s 2 
\ J V ( x ( S l ) ) V ( x ( S 2 ) ) d S l d s 2 - J d w x 
Jl oo 
t S 2 o a 0 0 j ^ - s i - s i - l 
" 4 ) { T ^ l * ^ 9 ^
 a d y i d y 2 d S l d S 2 0 0 — * J lT2Sl(S2-Sl) 




y i " 7 i - l ^ ' 
t 1 2 <o oo k s , - s (17) uk=kif r ...fc...(Trv^) e, 1 1 - 1 • 
k k 
TTdyiTTdsi 
i = l i = l 
We now i n t r o d u c e t h e f u n c t i o n s Q n d e f i n e d a s 
f o l l o w s : 
~ t 
( 1 8 ) Q 0 ( x , t ) 6 
//Ft 
27 
(19) Q ^ C s . t ) = C J " ^ 6 ^ ! ^ V ( y ) Q a ( y , S ) d y d S 
n = 0,1,••• • 
By c h a n g i n g o r d e r s o f i n t e g r a t i o n i n (17)» we s e e t h a t 
OO 
(20) u k = k l j Q k ( x , t ) 
From ( 1 8 ) and (19) we have 
(21)
 0 * Q n ( X , t ) ^ ^ i ^ Q o ( x , t ) . 
Thus we may d e f i n e 
oo 
( 2 2 ) Q ( x , t ) = £ ( - l ) k Q k ( x , t ) 
k=0 
From ( 2 1 ) we have 
(23) l Q ( x , t ) U e M t Q Q ( x , t ) . 
Now we n o t e t h a t 
,2 
* t - s 
V ( y ) Q ( y , s ) d y d s = 
^ C O V 7 T ( T - s ) 
2 8 
T"(-Dk [ f 6 . V(y)Qk(y,s)dydi to >firTt=I7 k 
(-Dk Qk+1(x,t)=-Q(x,t) + Q0(x,t). 
T h e r e f o r e Q s a t i s f i e s t h e i n t e g r a l e q u a t i o n 
( 2 4 ) Q ( x , t ) + (f e V ( . y ) Q ( y , s ) d y d s = Q n ( x , t ) . 
Now i t f o l l o w s from ( 1 6 ) and ( 2 0 ) t h a t 
t 
- U ( x ( s ) ) d s <*> 
e 0 d w x « J ^ ( - l ) k l Q k ( x , t ) d x . 
J i l
 ^ = 0 
Thus by ( 2 2 ) we have 
t 
- ^ V ( x ( s ) ) d * 
(25) Je 0 dwx= 
d„x = ^ Q ( x , t ) d x . 
We i n t e r c h a n g e d summation and i n t e g r a t i o n by (23). 
Now i n t h e above we have b e e n d e a l i n g w i t h t h e 




OVER THE WHOLE SPACE-TX . IF WE RESTRICT OURSELVES TO 
THE SUBSET OF XL , WHERE » £X:A£ X ( T ) £ B } , THEN BY 
MINOR MODIFICATION OF THE ABOVE DEVELOPMENT WE HAVE 
T 
OO 1 - T - Jv(X(S))DS 
(e 0 D W X = £ ( 4 ^ y [ { Y ( X ( S ) ) D S ] K D W X . 
S T k=0 S T 0 
WE FIND AS BEFORE THAT 
T T S 2 k k 
f r j v ( X ( S ) ) d s 3 k DWX=klj J... J j" JJ"v(X(S.) )D W X]YDS I . 
S T 0 0 0 0 S T I=L I=L 
BUT 
0 6 * o 0 0 k D oo «  oo k 
( x - y k ) ( y i " y i - l ^ 2 
•
 6
, T T 6 T T d y . d x . 
PROM THIS WE SEE THAT 
- ^ V ( X ( S ) ) D S
 B 
( 2 6 ) J E 0 DWX= j^Q(X,T)DX. 
S T 
I t i s c l e a r f r o m ( 2 6 ) t h a t Q ( x , t ) ^ 0 . 
N o w l e t u s r e m o v e t h e c o n d i t i o n t h a t V ( x ) < M . 
W e d o t h i s b y s e t t i n g 
r V ( x ) , i f V ( x ) « M V M ( x ) = | M C M , i f V ( x ) = M 
D e n o t e t h e c o r r e s p o n d i n g Q f u n c t i o n s b y S i n c e 
t h e i n t e g r a n d i s d o m i n a t e d b y o n e , w e u s e t h e L e b e s g u e 
d o m i n a t e d c o n v e r g e n c e t h e o r e m t o o b t a i n 
- ^ V M ( x ( s ) ) d s - $ V ( x ( s ) ) d s 
l i m I e 0 d T „ x « I e 0 d x . 
s t s t 
N o w s i n c e 
t 
- J V M ( x ( s ) ) d s - ^ V ( x ( s ) ) d s 
0 . 0 e * e , 
w e s e e f r o m ( 2 6 ) t h a t t h e f u n c t i o n s { Q ^ ^ J f o r m a 
d e c r e a s i n g s e q u e n c e i n M f o r e a c h p o i n t ( x , t ) . S i n c e 
Q ^ M \ x , t ) * 0 , w e h a v e 
l i m Q ( M ) ( x , t ) = Q ( x , t ) 
e x i s t s a n d s a t i s f i e s ( 2 4 ) . T h i s f o l l o w s s i n c e w e c a n 
31 
p a s s to the limit u n d e r the i n t e g r a l . 
T h u s we h a v e s h o w n t h a t the p r o b l e m of c a l c u l a t i n g 
- U(x(s))ds 
w 
is r e l a t e d to the p r o b l e m of s o l v i n g t h e i n t e g r a l e q u a t i o n 
( 2 4 ) . N o w w e s h a l l show t h a t ( 2 4 ) i m p l i e s the d i f f e r e n t i a l 
e q u a t i o n 
W e f i r s t m a k e a c h a n g e of v a r i a b l e i n the i n n e r i n t e g r a l . 
Let z = j^zg
 o r y = \/ t-s z + x . W e o b t a i n 
/t-s 
t«o __z2 
( 2 8 ) Q ( x , t ) + (\- V ( y ^ s z + x ) Q ( > / ^ £ z + x , s ) d z d s 
0' 
- Q Q ( x , t ) . 
Now t a k i n g the p a r t i a l w i t h r e s p e c t to t of b o t h 




 + C Si— V ( x ) Q ( x , t ) d z + 
t oo 2 
—z 
C f — z : ( V ( / b = s z + x ) Q ( / t ^ s " z + x , s ) 
0 
V( V"t-s z + x ) Q ^ 1 ^ ( v ' t - s z + x , s ) ) d z d s 
_ x f 
e 1 1 / X 2 1 x 
/ z r t t 
where p r ime i n d i c a t e s d e r i v a t i v e w i t h r e s p e c t t o t h e 
argument and s u b s c r i p t ( 1 ) i n d i c a t e s p a r t i a l w i t h 
r e s p e c t t o t h e f i r s t v a r i a b l e . Making t h e change o f 
v a r i a b l e y = / t - s z + x i n ( 2 9 ) , we o b t a i n 
(30) |f + V ( x ) Q ( x , t ) + 
t oo - i|=|i! 
2 
X 
t 2 -| 
e
 r x 1 x 
Now we t a k e t h e p a r t i a l o f b o t h s i d e s o f ( 2 4 ) 
w i t h r e s p e c t t o x . F o r t h e f i r s t p a r t i a l we have 
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g + (f » x 6 f T r / / S s V ( y ) Q ( y , s ) d y d s , ^ _ ( = § * ) 
And f o r t h e s e c o n d we have 
2 t CO - ( x j 7 ) 2 
( 3 ! )
 + f r D 2 E V ( y ) Q ( y , s ) d y d s 
£ ±o* V T T ( t - s ) 
2 
x 
e * , 4 x 2 2 * 
VTrt t 
Now i f we c o n s i d e r t h e i n n e r i n t e g r a l i n ( 3 1 ) and 
i n t e g r a t e b y p a r t s o n c e , we o b t a i n 
2 t * -
2 
_ x _ 
e * , 4 x 2 2v 
v 5- - * T - ; • 
/ F t " t c * 
Thus add ing - ) ( o f ( 3 2 ) t o ( 3 0 ) , we o b t a i n 
(§ + V(x)Q - ^ = 0 
wh ich o f c o u r s e i s ( 2 7 ) . By ( 2 5 ) and ( 2 6 ) we have t h e 
c o n d i t i o n s 
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( 3 3 ) l i m Q ( x , t ) = 0 and l i m ( Q ( x , t ) d s = 1 f o r £ > 0 . | x l — > c o t * o i t f 
I n t h e a b o v e , we d i f f e r e n t i a t e d under t h e 
i n t e g r a l s i n c e t h e c o n t i n u i t y o f t h e p a r t i a l s under t h e 
i n t e g r a l i s g u a r a n t e e d by t h e i n t e g r a l e q u a t i o n i t s e l f . 
L i k e w i s e we c a n u s e i n t e g r a t i o n by p a r t s s i n c e V ( y ) * Q ( y , s ) 
i s a b s o l u t l y c o n t i n u o u s i n y . [ 9 j • 
The p a r t i a l d i f f e r e n t i a l e q u a t i o n ( 2 7 ) c a n be 
h a n d l e d by t h e method o f s e p a r a t i o n o f v a r i a b l e s . We 
o b t a i n t h e two e q u a t i o n s 
( 3 4 ) £ Q , , ( x ) + 0 . - V ( x ) ) 9 ( x ) = 0 
( 3 5 ) ^ ( t ) + * 0 < t ) = 0 . 
E q u a t i o n ( 3 5 ) k a s t h e s o l u t i o n 
( 3 6 ) ^ ( t ) = c e ' h t . 
B e f o r e g o i n g f u r t h e r h e r e , l e t us c o n s i d e r t h e 
c a s e V ( x ) • x . Now ( 3 4 ) becomes 
( 3 7 ) | © " ( x ) + ( * - x 2 ) © ( x ) - 0 . 
L e t y = ^ x . Then we o b t a i n 
( 3 8 ) 0 " ( y ) + ( 2 A - y 2 ) 0 ( y ) = ° 
3 5 
- 4 
L e t us assume a s o l u t i o n o f t h e form 0 ( y ) • e u ( y ) . 
Then from ( 3 8 ) we f i n d 
( 3 9 ) u " ( y ) - 2 y u ' ( y ) + ( 2 * - l ) u ( y ) = 0 . 
Now we assume t h a t u i s a power s e r i e s i n y . Then we have 
2 n 
( 4 0 ) u ( y ) = a Q + a x y + &2f + . . . + a n y + . . . . 
D i f f e r e n t i a t i n g ( 4 0 ) t e rm by t e r m we f i n d 
( 4 1 ) u " ( y ) = 2 a 2 + 3 # 2 a ^ y + 4 - 3 a ^ y 2 + . . . + n ( n - l ) a n y 1 1 " " 2 + 
( 4 2 ) - 2 y u ' ( y ) = -2&-J - 2 • 2 a 2 y 2 2 n a n y n 
( 4 3 ) ( 2 X - l ) u ( y ) « ( 2 A - l ) a 0 + ( 2 V l ) a 1 y + . . . . 
S i n c e ( 4 1 ) p l u s ( 4 2 ) p l u s ( 4 3 ) i s z e r o , t h e c o e f f i c i e n t o f 
y 1 1 must be z e r o . Hence 
( n + 2 ) ( n + l ) a n + 2 - 2 n a n + ( 2 * - l ) a n « 0 . 
Thus 
fish \ a n + 2 2 n - 2 A + 1 
By ( 3 3 ) we s e e t h a t the s e r i e s ( 4 0 ) must t e r m i n a t e . 
Hence 
3 6 
2 n - 2 > + 1 = 0 , 
AND 
( 4 5 ) % 2 n + l 7\ » 
RELATION ( 4 4 ) AND ( 4 5 ) IMPLIES THAT U = CH^ I S THE 
SOLUTION TO ( 3 9 ) , WHERE H N I S THE HERMITE POLYNOMIAL OF 
DEGREE N. 
THUS THE SOLUTION TO ( 3 7 ) I S 
( 4 6 ) 9 ( X ) = CE~ X HN(V/2 X ) FOR A = ^ 2 n + l 
THEREFORE, ( 2 7 ) HAS THE SOLUTION 
O O - 2 4 + 1 ( 4 7 ) Q ( X , T ) = Yjf 
0 = 0 
T 2 2
 " E~X H,(V£ X ) . 
CONDITION ( 3 3 ) CAN NOW HE APPLIED, 
LIM 
T - 0 
CO 
R Q ( X , T > E ~ X H . ( V ^ X)DX = H . ( 0 ) 
0 d J 
- 0 0 AND 
0 0 T V [ E " 2 X H. ( v ^ X ) H , ( V 2 " X)DX = - L 2 ^ J'.JW-C,. 
THEREFORE 
3 7 
- I r s - T V * * 2 * 2 ) - t i ~ 
( 4 8 ) Q ( x , t ) - e 2_J—TTT ( e > ^ ( ^ ^ ) H . ( O ) . 
i = 0 2 1 ! 
U s i n g a w e l l k n o w n f o r m u l a f l O ] , w e f i n d 
2 
x 2 - - 2 x 
e 
W e t h u s h a v e 
o i - - 2 t 
- * ~
x 
( 4 9 ) Q ( x , t ) = e 2jf—L-e X ~ e . 
U s i n g ( 2 5 ) w e f i n d 
t 
- l x 2 ( s ) d s
 t 
( 5 0 ) \ e ° d x = e 7 1 = ( s e e n t ) 3 * . 
R e t u r n i n g n o w t o t h e g e n e r a l c a s e , w e h a v e f r o m ( 2 6 ) , 
s i n c e " b y ( 2 4 ) Q i s c o n t i n u o u s , 
t 
- ^ V ( x ( s ) ) d s 
( 5 1 ) l i m 
f e 0 d x J w 
! t = Q ( a , t ) 
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where = ( x : a ^ x ( t ) « a + ^ } . 
Suppose now t h a t V ( x ) OO a s x - > +O* • Under t h i s 
a s s u m p t i o n t h e d i f f e r e n t i a l e q u a t i o n 
( 5 2 ) £ © " O O - V ( x ) 9 ( x ) - - A*GO 
i s known t o have d i s c r e t e e i g e n v a l u e s 
XL * A 2 ' • ' ' 
w i t h c o r r e s p o n d i n g e i g e n f u n c t i o n s 
« ®2 ' • • • • 
F o r d i s c u s s i o n o f t h i s p r o b l e m s e e T i t c h m a r s h [ i l l • 
I t a l s o f o l l o w s from ( 3 3 ) and ( 3 6 ) t h a t we c a n 
w r i t e 
( 5 3 ) Q ( a , t ) = 2 _ . E © d ( a ) © D ( 0 ) , 
0=1 
i f t h e e i g e n f u n c t i o n s a r e n o r m a l i z e d . 
Now i t i s c l e a r t h a t we c o u l d c o n s i d e r a s p a c e 
o f f u n c t i o n s x s u c h t h a t x ( 0 ) - J . I n f a c t t h i s space , 
o f f u n c t i o n s i s e q u i v a l e n t t o SL s i n c e we c a n w r i t e 
x ( t ) « x ( t ) + F . Thus we would have 
T 
+X(S) )DS 
( 5 4 ) LIM = Y E J © . ( A ) © . ^ ) 
£ - * 0 6" J D 
WHERE 
S T = FX:A£X(T>A+*} - £ X : A - $ ^ X ( T ) ^ A - F +€> • 
HOW WE WILL SHOW THAT SOME OF THE PROPERTIES OF 
THE CLASSICAL EXPRESSION 
£ E ^ © D ( A ) © D ( G ) 
CAN; BE DEDUCED FROM THE WIENER INTEGRAL. I F , IN ( 5 4 ) , 
WE LET J • A AND NOTE THAT AS T-> 0 
T 
- ^ V ( 5 + X ( S ) ) D S 
J*E 0 D^X ^ M ( S T ) = M F X : 0 ^ X ( T ) ^ € } 
S T 
THEN WE SEE THAT 
M { X : 0 6 X ( T ) 6 > } OO _ v
 t P 
( 5 5 ) LIM — ^ Y e J © • ( £ ) AS T-> 0 
t} — 1 
BUT 
4 0 
M(X:0*X(T)«A 3» FJRT 
l i m — — = l im -
€ 0 6 « - > 0 E 




 * dy 
(56) 5~e *1 — a s t ^ O . 
Now we use a c l a s s i c a l t a u b e r i a n theorem f o r D i r i c h l e t 
s e r i e s o r i g i n a l l y s t a t e d by Hardy and L i t t l e w o o d i n [L2J • 
T h i s theorem i s g i v e n i n a s l i g h t l y e x t e n d e d form by 
D. Widder i n [L3J • T h i s t h e o r e m s t a t e s t h a t i f 0 ( ( s ) 
i s n o n - d e c r e a s i n g and such t h a t t h e i n t e g r a l 
(57) f ( t ) - J e - t s d « ( s ) 
0 
c o n v e r g e s f o r t > 0 , and i f f o r some n o n - n e g a t i v e number 
Y and some A 
(58) f ( t ) - ~ a s t - > 0 + 
t T 
t h e n 
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A sY ( 5 9 ) o t ( s ) /(yIi) a s s 4 o j . 
N o w l e t t i n g © ; ( s ) - © - , • ( £ ) > ( 5 7 ) r e d u c e s t o 
( 6 0 ) f ( t ) = £ V J 0 2 ( l ) . 
d - i 
T h e n ( 5 6 ) b e c o m e s ( 5 8 ) w i t h Y='fr , A = — . 
H e n c e w e h a v e f r o m ( 5 9 ) > s i n c e / " ( 3 / 2 ) = 
( s i ) 2 ! © i d ) ^ ^ r -
T h u s w e h a v e s h o w n t h a t t h e e i g e n f u n c t i o n s o f ( 3 4 ) o b e y 
( 6 1 ) f o r a l l c o n t i n u o u s f u n c t i o n s V ( x ) . T h e 
p r o b a b i l i s t i c e x p r e s s i o n h a s a l l o w e d u s t o d r a w a p u r e l y 
c l a s s i c a l c o n c l u s i o n . 
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CHAPTER IV 
THE KOLMOGOROV-DOOB FORMULATION OF THE WIENER PROCESS 
I n t h i s c h a p t e r , the i n t e n t i o n i s t o i n d i c a t e 
w i t h o u t d e t a i l s some of the i m p o r t a n t a s p e c t s o f an 
a l t e r n a t i v e f o r m u l a t i o n of t h e Wiener p r o c e s s . T h i s 
a l t e r n a t i v e f o r m u l a t i o n f o l l o w s t h e g e n e r a l program p r o ­
p o s e d by Kolmogorov [ 5 l i n 1933* Many s p e c i a l a s p e c t s 
o f t h i s program have been s t u d i e d by Doob, L o e v e , L e v y , 
and o t h e r s , i n t h e s u c c e e d i n g y e a r s . 
A s t o c h a s t i c p r o c e s s { x ^ } i s an i n d e x e d s e t o f 
random v a r i a b l e s which we s h a l l h e r e assume t o be r e a l -
v a l u e d . We t a k e t h e i n t e r v a l [ 0 , l ] a s t h e i n d e x i n g s e t 
and may t h i n k o f i t a s t h e t ime i n t e r v a l on which t h e 
p r o c e s s i s c o n s i d e r e d . I n o r d e r t o speak o f random 
v a r i a b l e s , t h e r e must be a non-empty s e t ( t h e sample 
s p a c e ) on which t h e random v a r i a b l e s a r e d e f i n e d , a 
cr - f i e l d y ^ o f s u b s e t s o f / I , and a p r o b a b i l i t y measure 
p w i t h domain F o r e a c h v a l u e o f the i n d e x t , x . i s 
a r e a l - f i n i t e - v a l u e d f u n c t i o n w i t h domain A . The 
f u n c t i o n x . i s a l s o assumed t o be m e a s u r a b l e w i t h r e s p e c t 
Now i f we t h i n k o f f i x i n g a p o i n t w , we c a n c o n s i d e r 
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x ^ ( c j ) a s t h e v a l u e o f a f u n c t i o n o f t a t t h e p o i n t t . 
T h i s f u n c t i o n o f t t h e n i s a " r e a l i z a t i o n " o f t h e 
s t o c h a s t i c p r o c e s s . Tha t i s , t he f u n c t i o n o f t , x^.(CO), 
g i v e s t h e outcome o f t h e s t o c h a s t i c p r o c e s s f o r a 
p a r t i c u l a r c o £ - f i , a t e a c h t £ [ p,l] o r a t e a c h i n s t a n t o f 
t i m e . L e t t i n g to r a n g e o v e r some s e t in_Q. , we have t h e 
n o t i o n o f an ensemble o r c o l l e c t i o n o f r e a l i z a t i o n s o f t h e 
p r o c e s s . 
T h i s r a t h e r g e n e r a l f o r m u l a t i o n c a n be a p p l i e d t o 
many s p e c i f i c p r o b l e m s i n wh ich we c a n g e n e r a l l y c h o o s e 
t h e s p a c e and t h e c r - f i e l d i n v a r i o u s ways . F o r 
a B rown ian m o t i o n p r o c e s s , one such c h o i c e f o l l o w s one o f 
t h e methods p r o p o s e d by Kolmogorov 
Suppose t h a t JFL i s t he s e t o f a l l r e a l - v a l u e d 
f u n c t i o n s v a n i s h i n g a t t h e o r i g i n and w i t h domain [ 0 , l ] . 
Then e a c h p o i n t w i s a f u n c t i o n on [Q, l3 whose v a l u e a t 
£ we w i l l d e n o t e b y c o ( | ) . Now we l e t t h e random v a r i a b l e s 
x^. be such t h a t = w ( t ) . 
Now t o c o n s t r u c t a < r - f i e l d we f i r s t c o n s i d e r 
a f i n i t e s e t { t ^ , t ^ , . . . t o f v a l u e s o f t . Then we 
w i l l s p e c i f y t h a t t h e U> s e t {U>:x. («*0 B . , i = l , m} 
i 
s h a l l be i n Jr. Now l e t us n o t i c e t h a t t h e s e s e t s form a 
f i e l d 3". The u n i o n o f two s e t s i n J ? ' i s a g a i n a s e t i n 
*3^an& t h e complement o f a s e t i n 3* i s a l s o i n 
The whole s p a c e i s i n and s o i s t h e empty s e t 0 . 
The min ima l B o r e l e x t e n s i o n o f t he f i e l d 3^will be t h e 
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i n t h i s c a s e . 
Now i t i s r e q u i r e d t o d e f i n e a c o u n t a b l y a d d i t i v e 
measure p o f t h e s e t s F i n T h i s d e f i n i t i o n would 
have t o be c o n s i s t e n t i n t h e s e n s e t h a t t h e measure a s s i g n e d 
t o any F i n 3* i s i n d e p e n d e n t o f t h e r e p r e s e n t a t i o n o f F . 
F o r e x a m p l e , F h a s r e p r e s e n t a t i o n s o f t h e forms 
( u i : x t ( w ) £ B ± } and f u i ^ ( W ) £ B ^ " J , where p 1 . « . * > ^ m 
i s some p e r m u t a t i o n o f t h e i n t e g e r s from 1 t o m. A l s o , 
we have a r e p r e s e n t a t i o n o f t h e form F = : x ^ B ^ , 
- i 
x . (<*»)£ > x . (<*>)£ R - . J , where R n i s t h e r e a l l i n e . 
Va 1 t m + 2 1 1 1 
The E i n s t e i n - S m o l u c h o w s k i model h a s t h e s e c o n s i s t e n c y 
p r o p e r t i e s f o r t h e s e t s F i n 3*» The s p e c i f i c a t i o n o f 
t h e measure o f a s e t F 6 3*requires t h a t we a r r a n g e t h e 
t p o i n t s i n a s c e n d i n g o r d e r , g u a r a n t e e i n g t h e f i r s t 
c o n s i s t e n c y c o n d i t i o n . The s e c o n d c o n s i s t e n c y c o n d i t i o n 
i s s t a t e d by t h e f o r m u l a ( 3 ) g i v e n i n t h e I n t r o d u c t i o n . 
Now C a r a t h e ' o d o r y ' s e x t e n s i o n t heo rem e n a b l e s us t o 
e x t e n d t h e measure p on t h e f i e l d *3'uniquely t o t h e 
tf'-field 3'. T h i s f o l l o w s f rom t h e fundamen ta l t heorem 
o f Kolmogorov i n [ 5 7 • T h i s t h e n g i v e s us a p r o b a b i l i t y 
measure p on t h e < r - f i e l d 3* i n t h e s p a c e St o f f u n c t i o n s 
v a n i s h i n g a t t h e o r i g i n . T h i s measure a g r e e s w i t h t h e 
W i e n e r measure d i s c u s s e d i n C h a p t e r I I i n a c c o r d a n c e w i t h 
t h e u n i q u e n e s s a s s e r t i o n o f t h e C a r a t h e o d o r y e x t e n s i o n . 
Doob h a s shown [ 6 j t h a t t h e u s e o f t h e s p a c e 
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OF ALL FUNCTIONS DOES NOT LEAD TO A VERY SATISFACTORY 
tf--FIELD 3^THE SET OF CONTINUOUS FUNCTIONS CONTAINED 
IN JL FOR INSTANCE, TURNS OUT TO BE NON-MEASURABLE. THE 
CO,T-JLJ I S MEASURABLE. THIS STATE OF AFFAIRS I S HIGHLY 
UNDESIRABLE IN THE STUDY OF A MATHEMATICAL MODEL OF THE 
BROWNIAN MOVEMENT. 
ONE WAY OF CORRECTING THIS DIFFICULTY I S TO RESTRICT 
THE SPACE -TL TO THE SET OF ALL CONTINUOUS FUNCTIONS ON 
[0,1] WHICH VANISH AT THE ORIGIN. THIS I S , OF COURSE, 
WHAT WE HAVE DONE IN CHAPTER II. 
HAVING OBTAINED A COUNTABLY ADDITIVE PROBABILITY 
MEASURE, THE WIENER INTEGRAL OF A MEASURABLE FUNCTION I S 
SIMPLY THE ABSTRACT LEBESGUE INTEGRAL AS STUDIED IN THE 
GENERAL THEORY OF PROBABILITY. 
SET { U > : X ^ ( W ) & C , FOR ALL T IN 
WHEREAS THE SET £ W : X T ( * O ) < C , : : X T C , FOR ALL RATIONAL T IN 
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